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Based on conventional turbulent jet theory and the general theoretical framework of scalar dispersion in turbulent shear
flows, a novel formulation of the radial impeller’s jet in stirred tanks is introduced. Whereas previous studies considered
the impeller’s jet as developed, it is now comprised of two separate spatial regions along the radial axis: the zone of flow
establishment (ZFE) and the zone of established flow (ZEF). This formulation is accompanied with semi-analytical expres-
sions for the prediction of turbulent key parameters including the random part of k and e in the ZFE. The new theoretical
framework is validated both with laser Doppler anemometry measurements and with 3-D numerical simulations using the
standard k2e turbulent model. VC 2015 American Institute of Chemical Engineers AIChE J, 61: 1413–1426, 2015
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Introduction

Stirred tanks serve a wide range of industrial applications,
ranging from basic tasks such as homogenization1–3 to more
complex scenarios involving solid suspensions,4–6 crystalliza-
tions,7,8 bioreactions,9,10 and so forth. In most of the cases,
the ability to understand, predict, and even control the flow-
fields of such systems impacts and improves the performance
and profitability of a given process.11

Among the efforts in this field, the Rushton turbine used in
the standard stirred tank configuration has received great
attention.12–14 This is due to the relatively simple geometry of
the system and the expectation that it may lead to general
understandings of the entire class of radial impellers. Radial
impellers pump fluid along the axial direction and discharge
that fluid in the radial direction. The discharge zone has rela-
tively high mixing rates, and, as such, is of great industrial
importance. As a consequence, this zone has been the focus
of many studies which characterized it, both experimentally
and numerically.15–17 However, given the long timeframe of
existing numerical and experimental studies on one hand and
the industrial requirement for quick and accurate predictions
on the other hand, we advocate that there is real value in
approximate solutions, such as those introduced in this article.

The connection between swirling-radial-jets and radial
impellers was pointed out long ago.18,19 This concept was

further developed with time and has been applied for com-
plex geometries such as stirred tanks.20–22 However, most of
the models predict only the velocity field (e.g., the swirling-
radial-jet model23,24). In 1991, the swirling-radial-jet model
was extended numerically to provide the k and e turbulent
parameters as well.25 This was done by including the stand-
ard k2e turbulent model under the radial-jet approximations.
Although such a model seemed to demonstrate good
agreement with experimental results,25 the experimental data
chosen for comparison actually included the pseudoturbu-
lence26—periodic velocity fluctuations which are created by
the periodic motion of the impeller. As turbulence theory is
mainly based on random fluctuations, the periodic fluctua-
tions should have been decomposed from the total fluctua-
tions before comparison with the model prediction (for
review on decomposition techniques the reader is referred to
Escudie and Line27). As a consequence, the underline physi-
cal phenomenon, the existence of the initial evolvement
region of the jet, was unnoticed and the impeller’s jet was
addressed as developed. The evolvement region is of high
significance as it creates a coordinate shift in the location
from which the turbulent parameters can be predicted by
these models. Disregarding its existence by extrapolating
from the impeller’s tip, as has been done thus far, results in
an inherent physical error which can be avoided. Moreover,
as will be shown in this work, this correction enabled us to
develop semianalytical expressions for the prediction of the
random turbulence in this region.

The main aim of the present work is to present a new
view of the radial impeller’s jet, by introducing the initial
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evolvement region and thus providing physical correction to
existing models. As we show here, the random turbulence
characteristics in the evolvement region (k and e) can be pre-
dicted in a semianalytical form. Such information can be
used for industrial design purposes, compared with experi-
mental results, and implemented in models of local mixing
rates (e.g., predicting the reaction rate in a reactive flow
with reactants fed in the vicinity of the discharge jet).

The outline of this work is as follows: in the “Theoretical
Approach” section, we introduce a novel view of the radial
impeller’s jet as composed of two separate spatial regions,
each with different turbulent characteristics: the zone of flow
establishment (ZFE) and the zone of established flow
(ZEF).28 The former region has been ignored in previous
studies. Based on this formulation and the general theoretical
framework of scalar dispersion in turbulent shear flows, we
develop semianalytical expressions for the prediction of the
random turbulent parameters k and e in the ZFE. In the
“Methodology” section, we describe our process for validat-
ing our theoretical work, both with experimental laser Dopp-
ler anemometry (LDA) measurements, and with three-
dimentional (3-D) numerical simulations using the standard
k2e turbulent model. In the “Results and Discussion” sec-
tion, we successfully identify the experimental existence of
the ZFE and ZEF regions, and further demonstrate our abil-
ity to predict the random turbulence within the ZFE region.

Finally, in our “Summary” section, we conclude with a
rejoinder emphasizing the industrial applications and perti-
nence of our approach.

Theoretical Approach

In Figure 1, we portray the system structure including the
potential core (see definition below), the ZFE and the ZEF,
as well as the impeller and baffles; the spreading rate, the
axial-distribution profiles of the averaged radial velocity

( �Ur zð Þ) and of the normal Reynolds-stress in the radial direc-

tion (ur
2 ) are also denoted.28 In the following sections we

elaborate on this view.

The discharge flow, a wake or a jet?

The flow created by radial impellers can be visualized as
a combination of two basic types of flow: wake and jet. The
wake is the downstream flow region created by fluid motion
over an obstacle or body motion in a fluid surrounding, in
our case the motion of the blades. The wake type of flow is
characterized by velocity/momentum defect profile. The jet
is the flow region created by fluid injection into a surround-
ing fluid, in our case the injection of fluid in the radial direc-
tion. The jet type of flow is characterized by velocity/
momentum excess profile. In general, as the number of
blades installed on the impeller increases, the wake type of
flow weakens whereas the jet type of flow strengthens, and
vice versa. We restrict our discussion to cases where the
flow characteristics are dominated by the jet type of flow, as
in the case of the six-blade Rushton impeller (see Figure 2).

Characterizing the impeller’s jet as a simple radial-jet
with no swirl

We adopt the common simplifying assumptions for the
impeller’s jet: (1) incompressible fluid, (2) high Reynolds
numbers, implying that the flow regime is fully turbulent, a
reasonable assumption for practical situations. (3) Statisti-
cally steady flow. (4) Statistically axisymmetric flow; as will
be shown later on, the relative error introduced by this
assumption is relatively modest for the majority of the jet
domain (see section “Numerical examination of the axisym-
metric assumption”). (5) Boundary layer approximation,
implying that the dominant physical mechanism is convec-
tion in the radial direction whereas turbulent diffusion is the
dominant physical mechanism in the axial direction. (6) Con-
stant turbulent viscosity (7) free turbulent jet, implying that

Figure 1. Schematic presentation of the jet formed by
the impeller illustrating the axial-distribution
profiles of �Ur and ur

2 at the evolving and
evolved regions along with the coordinate
system and notation used in this work.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 2. Geometry and dimensions of the virtual stirred tank system (a) top view and (b) side view.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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the flow is remote from walls hence, the flow evolvement is
not affected by them. (8) Quiescent ambient fluid.

Following these assumptions, the governing equations are
reduced to the basic swirling-radial-jet equations.25 Based on
a unique coordinate transformation which was basically
developed for the laminar case,18 these equations can be fur-
ther reduced to the basic turbulent radial-jet equations with
no swirl in a direction tangent to a cylinder of radius “e”,
r; h; zð Þ !

ffiffiffiffiffiffiffiffiffiffiffiffiffi
r22e2
p

; z
� �

. The cylinder radius is determined
by the asymptotic ratio of the radial to angular momentum
flux in the radial direction.23,25

After solving the transformed equations and retransform-
ing the solution to the regular cylindrical coordinate system,
it can be seen that the description of the jet properties rela-
tive to the radial direction remains the same as in the simple
radial-jet case (see “Appendix”). This insight is of impor-
tance as it enables us to obtain the evolvement of the jet
properties in the radial direction by characterizing the impel-
ler’s jet as a simple radial-jet with no swirl (in the radial
direction) thus avoiding using the unknown parameter e, as
portrayed in Figure 1. It should be stressed that by applying
this approach, we do not mean that the flow does not have a
swirl component. Furthermore, our numerical results indi-
cated that for large tank to impeller diameter ratios where
the effect of the baffles is reduced and the fluid starts to
swirl along with the impeller, the parameter e varied signifi-
cantly along the radial position and thus cannot be consid-
ered as constant as was so far done. Therefore, our
prediction should be also applicable to baffles-free stirred
tanks which in certain industrial applications are more com-
mon than the baffled ones.29 Moreover, the statistical axi-
symmetric description of the flow implies that convection
along the angular coordinate is of minor importance, whereas
the convection along the radial coordinate is of prime impor-
tance. Note that the latter also determines the residence time
in this region.

Distinction between the ZFE and ZEF regions

The concept of ZEF and ZFE regions originated in the jet-
theory literature.30–32 In this theory, it is generally known
that as the considered statistical flow-field variable is a

moment of higher order (e.g., �Ur and ur
2 are moments of

first and second order, respectively), it becomes self-similar
at higher distances from the nozzle exit.33 For clarity, the
term “self-similar” relates to the case where the mean axial-
distribution profiles of the flow-field parameters at different
longitudinal positions (radial position in our case) can col-
lapse into a single profile, after normalization with the local
characteristic velocity and length scales. Hence, we divide
the impeller’s jet by two characteristic points: the boundary
of the potential core rcð Þ and the boundary of the ZEF rzð Þ.
These boundaries indicate the radial location beyond which
�Ur and ur

2 can be regarded as self-similar, respectively. In
other words, the impeller’s jet is divided into two zones: (1)
in the first, at least one of the jet’s axial-distribution profiles

of �Ur and ur
2 is not evolved (ZFE, rb < r < rz); (2) in the

second, both �Ur and ur
2 are in their final self-similar axial-

distribution profiles (ZEF, rz < r). The first (ZFE) is further
divided into two regions: in the first, the axial-distribution

profile of �Ur still evolves (rb < r < rc) whereas in the sec-

ond, �Ur is fully developed and ur
2 still evolves to its final

self-similar axial-distribution profile (rc < r < rz).

Review of definitions and main relevant results in the
ZEF (rz<r)

The jet’s half-width is defined as the axial position z5z1=2

where

�Urj r;z1=2ð Þ50:5 �Urj r;0ð Þ50:5 �Ur;m (1)

The spreading rate of the radial-jets (S) is usually defined
as the slope of change of half-width34

S5
d z1=2

� �
dr

(2)

The spreading rate is usually regarded as constant for spe-
cific geometry, independent of Reynolds number. In other
words, the jet’s half-width grows linearly with the radial
position as can be obtained by integrating Eq. 2

z1=25S r2rvð Þ (3)

Here, rv represents the virtual origin which defines the
radial location where the interpolated jet’s half-width is zero
(see Figure 1).

In order for the free radial turbulent jet equations to
become self-similar the following terms should be
sustained35

�Ur;m / r21 ; z1=25S r2rvð Þ ; rv � r (4)

The condition rv � r is unique to the radial-jet configura-
tion. In similarity to previous work in which the k2e turbu-
lence model was used to expand the swirling-radial-jet
model,25 the evolution of k and e at the centerline of the jet
(km and em) can be deduced as well. Hence, based on the
self-similar assumption along with Eq. 4 one obtains

�Ur;m5 �Ur;m;0
r0

r

� �
; km5km;0

r0

r

� �2

; em5em;0
r0

r

� �4

(5)

where the sub index “0” refers to a radial location r0 which
is depicted inside the ZEF (r0 > rz). Solving the radial-jet’s
equations based on assumptions (1)–(8) along with the self-
similarity assumption results with the common self-similar
profile34

�Ur

�Ur;m
5sech2 0:881

z

z1=2

� �
(6)

In addition, it can be shown that the turbulent viscosity
can be represented by (see “Appendix”)

mT5
S � �Ur;m � z1=2

2 0:881ð Þ2
(7)

Prediction of the turbulent parameters in the ZFE
(rb<r<rz)

Prediction of �U r . The evolvement of �Ur is divided by
the potential core boundary (rcÞ. The potential core is a
region, close to the nozzle (impeller blades in our case),
where the averaged exit velocity of the jet remains constant.
The lateral width of the potential core reduces with the lon-
gitudinal coordinate as the boundary layers penetrate inward
toward the centerline of the jet. The point where the bound-
ary layers merge and the averaged lateral velocity at the cen-
terline of the jet starts to decline and the jet’s half-width
grows linearly with the radial position is identified as the
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boundary of the potential core (denoted by rcÞ. This can be
expressed mathematically by

�Ur;m5

�Ur;m;b for rb � r � rc

�Ur;m;b
rc

r

� �
for rc � r

8<
: (8)

z1=25
S rc2rvð Þ for rb � r � rc

S r2rvð Þ for rc � r

(
(9)

Experimental observations indicate that rc is approximately
five to six times the nozzle width, from which the jet emerge,
usually measured starting from the virtual origin.36 However,
there is an essential geometrical difference between common
radial-jet configurations and the radial impeller. Whereas, the
former is usually created by two closely spaced parallel circu-
lar disks which are impermeable to fluid from the axial direc-
tion, the radial impeller configuration is axially open. This
implies that the averaged exit axial-distribution profile of the
radial velocity should be relatively developed at the impeller
tip and thus, �Ur can be evaluated according to Eq. 6. More-
over, rc is expected to be very close to the impeller tip (rb)
independent of impeller’s blade width and rotational speed.
Hence, for practical cases where rc is unknown, a first good
evaluation of �Ur would be to assume a negligible potential
core so that the mean radial velocity can be described by Eqs.
4–6 starting from the impeller tip

�Ur;m5 �Ur;m;b
rb

r

� �
;

�Ur

�Ur;m
5sech2 0:881

z

z1=2

� �
(10)

where �Ur;m;b is the maximal radial velocity at the impeller
tip which can be related to the impeller’s pumping number
(Nq5Qp=ND3) by integrating the radial velocity profile
according to

Qp5

ðW=2

2W=2

�Ur;m;bsech2 0:881
z

z1=2

� �
dz (11)

Whereas, for this purpose, it is reasonable to take z1=2 to be
equal to W=4. Substituting into Eq. 11 and rearranging yields

�Ur;m;b50:2Vtip Nq
D

W

� �
(12)

Considering the Rushton six-blade standard turbine
(D=W55) with Nq50:75 one obtains �Ur;m;b50:75Vtip which
agrees well with experimental results.37

Prediction of k and e. In this section, we develop semi-
analytical expressions for k and e based on the shape varia-
tion of the axial-distribution profiles of ur

2 (see Figure 1).
We start with the general theoretical framework of scalar
dispersion in turbulent shear flows to derive the axial-
distribution profiles of ur

2 .
Consider the case of scalar dispersion in free shear turbulent

flow where the scalar is emanating from a uniform scalar
source of value h1. Then, under the assumption of negligible
molecular diffusion, the probability density function (p.d.f) of
the scalar should have the following familiar form38

p h; x; tð Þ5p x; tð Þd h2h1ð Þ1 12p x; tð Þf gd hð Þ (13)

where p x; tð Þ is the intermittency factor, that is, the probabil-
ity that the flow at a specific location and time is turbulent.
Note that turbulent free shear flows are known to be inter-

mittent toward the edge, that is, the flow is turbulent and
nonturbulent, intermittently. Using basic definitions of statis-
tical analysis, the mean value of the scalar (C) and its mean
square fluctuation (c2) can be easily derived to provide38

C5h1p ; c25h2
1p 12pð Þ (14)

Then, by eliminating p, one obtains38

c25
1

2
h1

� �2

2 C2
1

2
h1

� �2

(15)

The same procedure can be applied to the radial velocity.
Therefore, by replacing the molecular diffusion, C and c2

with the molecular viscosity (m), �Ur and ur
2 , respectively,

and h1 with the maximal radial velocity at the impeller tip
( �Ur;m;b) one finds

ur
25Au

1

2
�Ur;m;b

� �2

2 �Ur2
1

2
�Ur;m;b

� �2
" #

5Auf �Urð Þ (16)

where here, we introduced coefficient of proportionality for

ur
2 , Au. From Eqs. 10 and 16, it follows that ur

2 has a maxi-

mum value of 1
4

Au
�Ur;m;b at �Ur r; zð Þ5 1

2
�Ur;m;b. Thus, ur

2

exhibits two different axial-distribution profiles with three or
one extrema points before and after r52rb as presented sche-
matically in Figure 1. As the ZFE is the region where the
exit axial-distribution profiles develop to the final similarity
profiles of the ZEF, it is expected that r52rb can serve as a
coarse estimation for rz. This implies that for practical stirred
tank geometry (e.g., T=D53, r=rb � 3), the evolvement
region spans over a significant portion of the impellers jet,
and thus should not be neglected.

Assuming that the turbulent kinetic energy (k) is propor-
tional to ur

2 one obtains

k5Akf �Urð Þ (17)

where Ak is the coefficient of proportionality for k which can
be assessed and bounded by simple assumptions. Considering

that the largest contribution to k comes from ur
2 then by

assuming a 3-D isotropic turbulence, that is, ur
25uh

25uz
2

and on the other hand by neglecting the two other components,

that is, ur
2 � uh

2 ; uz
2 one obtains the upper and lower bounds

for Ak, respectively. It follows that 0:5Au < Ak < 1:5Au.

Based on dimensional analysis and Eq. 17 (e / k3=2=z1=2) the

expression for e takes the following form

e5Aef �Urð Þ3=2
=z1=2 (18)

where Ae is the coefficient of proportionality for e which is

assessed by Ae � Akð Þ3=2
as the proportionality coefficient

for the dimensional analysis is known to be of order
unity.39

Concluding this section, we portray the impeller’s jet as
composed of two main regions: the ZFE and the ZEF. The
ZFE is the region where the axial-distribution profiles of the
turbulent statistical-moments of first and second order,
evolve to their self-similar shape. The ZEF is the region
where both the first and second statistical-moments can be
considered as self-similar. In Tables 1 and 2, we summarized
the model prediction of the turbulent flow-field properties in
these regions: few measurements in the impellers discharge
zone are sufficient to write an analytical prediction to the
turbulent flow-field both in the ZFE and the ZEF.
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Methodology

The model prediction was validated against experimental
and numerical results. In the following, we elaborate on each
of the methods used.

Simulation details

The model prediction was validated over a wide range of
3-D numerical simulations of stirred tank. To reduce compu-
tational requirements, we run steady-state calculations,
refined the mesh locally based on the results, and averaged
the final results over the angular coordinate. Then, the aver-
aged results were analyzed to characterize the impeller’s jet,
as illustrated in Figure 1. In the following, we elaborate on
the methodology used.

The tank simulated was a flat-bottom cylindrical vessel
equipped with four equally spaced baffles. The standard six-
blade Rushton turbine (D=W55) was placed at the middle of
the tank (C5H=2) parallel to the tank bottom as presented
in Figure 2. The thickness of the baffles, blades, and the
impeller’s disk were all set to be 0:01D whereas D50:1m.
With this configuration, the rotational speed was varied from
100 to 1600 rpm at T=D53. The free jet assumption was
also examined by additional numerical case in which the
tank to impeller diameter ratio was varied from three to nine
(D50:1m) while all the other geometrical ratios where kept

the same and the rotational speed was set to 1600 rpm (see
Figure 3). The impeller’s Reynolds number (Re5ND2=m)
varied from 1:673104 to 2:673105, corresponding to
rotational speeds of 100 and 1600 rpm, respectively
(m51026 m2 s21). Therefore, all simulations were considered
to be in the turbulent region (Re > 104 for water at room
temperature40,41).

The simulations were performed using the commercial
software Fluent V.14. To avoid time consuming transient
calculations, we conducted steady-state calculations where
the averaged flow-field is calculated for a specific orientation
of the impeller blades relative to the baffles (one of the
blades was set to be parallel to one of the baffles). The mod-

els used were the multiple reference frame model42 along
with the standard k2e turbulence model43 (with the standard
values of the model constants) and the standard wall func-
tions,44 models which were previously examined to provide
accurate results for this system.25 To improve the accuracy
of the results and to reduce computational requirements, the
numerical grid was refined locally several times based on the

results. The final grid ranged from six to nine million cells
and was significantly higher than the recommended value for
mesh independent solution for the averaged velocity field
while using the above models.45,46 For example, the final
grid used at the impeller horizontal midplane of the T=D53

Table 2. Summary of Model Prediction in the ZEF rz � rð Þ

Turbulent Parameter Model Prediction

Empirical
Parameter
Required Comments

Comparison to
Simulation

Data

�Ur Same prediction
as in the ZFE

Figures 8–10

mT mT5
S� �U r;m �z1=2

2 0:881ð Þ2
�Ur;m;b and z1=2 which

depends on: S; rc; rv

Sensitive to the spreading rate (S)

k km5km;0
r0

r

� �2
km;0 The self similar axial distribution profile

should fit the suggested numerical
solution given by Kresta and Wood25

whereas km;0 should be determined
experimentally

Figure 13

e em5em;0
r0

r

� �4
em;0 Same comment as for k. Note that em;0

can be evaluated from mT and km

while assuming that mT5Clk2=e
whereas Cl should be equal to
the common value (0.09)

Figure 14

Table 1. Summary of Model Prediction in the ZFE rb � r � rzð Þ

Turbulent
Parameter Model Prediction

Empirical
Parameter
Required Comments

Comparison To
Experimental

Data

�Ur �U r
�U r;m

5sech2 0:881 z
z1=2

� � �Ur;m;b and z1=2

which depends
on: S; rc; rv

For coarse evaluation and
in cases where experimental
data are lacking neglect rv

and rc, that is,

Figures 8–10

where
�U r

�U r;m
5sech2 0:881 z

z1=2

� �
�Ur;m5

�Ur;m;b for rb � r � rc

�Ur;m;b
rc

r

� �
for rc � r

8<
: where

and �Ur;m5 �Ur;m;b
rb

r

� �
z1=25

S rc2rvð Þ for rb � r � rc

S r2rvð Þ for rc � r

(
z1=250:12 � r
and

�Ur;m;b50:2VtipNq
D
W

� �
�u2

r �u2
r 5Au

1
2

�Ur;m;b

� �2
2 �Ur2

1
2

�Ur;m;b

� �2
h i

5Auf �Urð Þ Au Figure 11

k k5Akf �Urð Þ Ak 0:5Au < Ak < 1:5Au Figure 12

e e5Aef �Urð Þ3=2
=z1=2

Ae Ae � Akð Þ3=2
Figure 12
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case is given in Figure 4 showing denser grid near the tank
walls, baffles, impeller blades, and their trails, as expected.
Then, the results were averaged over the angular coordinate
and analyzed to characterize the impeller’s discharge zone
using common definitions of turbulent jets (e.g., jet’s half-
width, spreading rate, velocity decay rate, etc.) as illustrated

in Figure 1.
Important remarks:
1. To verify that the results dependency on the relative

orientation of the impeller is negligible, we ran and
compared two steady-state simulations differing only in
the impeller-baffles relative orientation. To account for
the maximal impeller-baffles relative orientation effect,
we set the two cases to have the maximal geometrical
difference, which is 15� in the impeller orientation, and
choose the T=D53 geometry with rotational speed of
1600 rpm. In one of the cases, one of the impeller
blades was set to be parallel to one of the baffles as
stated above. The results averaged over the angular
coordinate showed small difference: up to 0.25% for
the velocity field and up to 2% for both k and e fields
thus indicating that the results dependency on the
impeller orientation is negligible.

2. The procedure above is applicable for obtaining the
averaged radial velocity in the axisymmetric region
thanks to the statistical axisymmetry of the flow and
the fact that the periodic velocity fluctuations do not
change the averaged velocity flow-field (under
definition).

3. The procedure above is applicable for obtaining the k
and e parameteres in the region beyond r=rb51:6
where the pseudoturbulence is known to be negligi-
ble.39 Note that in the region up to r=rb51:6, the k and

e numerical results include the pseudoturbulence and
thus under this procedure the validity of Eqs. 16–18 is
not traceable. Nevertheless, this will be done using
experimental data.

Experimental details

The geometry of the experimental system used in this work
was based on the T=D53 numerical configuration (T50:3m).
The baffles and impeller thickness of the experimental system
were 0:02D and 0:015D, respectively. To prevent vortex
effects, the tank was closed at the top using a lid. To reduce
temperature change of the working fluid (distilled water at
19�C), the tank was placed inside a cubical vessel filled with
water. The rotational speeds used were of 200 and 400 rpm
corresponding to Re53:333104 and 6:663104, respectively.

Continuous time LDA measurements of the radial velocity
were taken at the vertical plane between two baffles
r; 450; z
� �

thus providing eight axial-distribution profiles,
located at different radial positions, each composed of 21
measurements points. The LDA system setup consisted of
Coherent INNOVA 305Ion-Argon laser beam with wave-
length of 514 nm and power supply of 5 W. The measured
volume was an ellipsoid with diameter and length of 8:63

1025 and 7:131024m, respectively—small enough to cap-
ture the energy-containing range and inertial subrange of tur-
bulence (>60lk where lk is the Kolmogorove length scale47;
in our case, lk is on the order of 1025m for both of the rota-
tional speeds based on lk � D � Re23=4).

To reduce optical distortion, the laser beams went through
the flat bottom of the vessel. The trace particles were Silver
coated—Hollow Glass Spheres (S-HGS) with mean diameter
of 10 mm and density of 1100 kg m23 which is close to the
density of the working fluid. In each measurement, about
25 K instantaneous velocity values were acquired in the sin-
gle measurement burst mode.

To account for the pseudoturbulence, the velocity signal
was triple-decomposed into time-mean, periodic part, and
random part48 using Wu and Patterson39 autocorrelation
decomposition technique. In the following, only the time-
mean and random parts are analyzed and presented.

Results and Discussion

In this section, we examine and validate our novel view
using experimental and numerical results as illustrated in Fig-
ure 1. The comparison is divided into three sections: predic-
tion of the averaged radial velocity, prediction of ur

2 ; k,and e
in the ZFE, and prediction of mT ; k,and e in the ZEF.

It should be noted that we recently found (numerically)
that multiple solutions may exist for a sufficiently large T=D
ratio (e.g., 4 � T=D for the investigated system) with a sym-
metric solution (relative to the impeller horizontal midplane,
z50) that may become unstable and two stable asymmetrical
mirror-image solutions where the impeller’s jet is signifi-
cantly inclined upward or downward (6z), as in the case
where the impeller is installed close to the tank bottom49,50

or the liquid level51 (as we showed elsewhere52). Here, we
consider only the symmetric solution.

Numerical examination of the axisymmetric assumption

The axisymmetry of system domain is broken by the
blades and baffles and those constitute a source for flow
deviations along the angular coordinate. To illustrate this
point, we present in Figure 5 the contours of the ensemble-

Figure 4. Presentation of the final numerical grid used
for the T=D53 case at the impeller horizontal
midplane (z50) after local grid refinement on
results basis.

Figure 3. Schematic presentation of the virtual stirred
tank system (a) T=D53 and (b) T=D59.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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averaged radial velocity (hUri) at the impeller horizontal
midplane (z50), as calculated for the T=D53 case at
1600 rpm at steady-state conditions. To quantify the angular
deviations and assess the validity of the axisymmetric
assumption, we examined the standard deviation of the vari-
ous flow-field variables along the angular coordinate. As an
example, we present in Figure 6 contours of standard devia-
tion values of the ensemble-averaged radial velocity along
the angular coordinate (SDhUri), normalized with respect to
the maximal averaged radial velocity at each radial cross
section (SDhUri=

�Ur;m rð Þ). As can be seen, the deviations

caused by the blades and baffles are damped away from the
sources leaving the majority of the jet domain with modest
normalized standard deviation values (<10%). After exami-
nation of the various flow-field variables at steady-state con-
ditions, we point out that the axisymmetric assumption can
be applied with high confidence in the 1:4 < r=rb < 2:4
range for the T=D53 case, respectively, in the 1:4 < r=rb

< 7 range for the T=D59 case.
The applicability of the axisymmetric assumption can be

also extended to the 1 < r=rb < 1:4 range under the con-
straint of time-averaged statistics at fixed spatial locations
(laboratory frame of reference). This is based on the reasona-
ble assumption that at the vicinity of the impeller blades,
where the effect of the baffles is modest and the deviations
caused by the blades and associated trails are periodic,53 the
time-coordinate and angle-coordinate are directly related. This
is also supported, to a large extend, by the good agreement
between our model prediction and the experimental results in
this region. Note that both time-averaging and angle-
averaging are widely used in both numerical and experimental
stirred tank studies,14,27,45 methods which are suitable for
analysis and characterization of mixing processes that involves
physical mechanisms with characteristic time scales larger
than the time scale of the blade passage ( blades � Nð Þ21

, �6
ms when using the six-blade Rushton turbine at 1600 rpm).

In the following sections, we restrict our analysis to the
1 < r=rb < 2:4 range in the T=D53 configuration, respec-
tively, to the 1 < r=rb < 5 range in the T=D59 case.

Prediction of the averaged radial velocity

As can be implied from the theoretical section, the predic-
tion of �Ur is of great importance as it is related to the deter-
mination of ur

2 ; k; e, and mT . Moreover, it determines the
residence time in this region. Following the theoretical sec-
tion, viewing the impeller’s discharge zone as a jet suggests
two domains for describing the averaged radial velocity:
before and after the potential core boundary (rcÞ. In the first,
�Ur;m and z1=2 hardly change whereas in the second �Ur;m

decrease significantly while z1=2 increase linearly (see Eqs. 8
and 9). This is evident from the plot of the normalized �Ur;m

and z1=2 along the radial coordinate (see Figures 7–9).

Figure 5. Contours of the ensemble-averaged radial
velocity (h �Uri) at the impeller horizontal mid-
plane (z50), normalized by the impeller tip
velocity, illustrating the angular deviations of
hUri as calculated for the T=D53 case at
1600 rpm at steady-state conditions.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Figure 6. Contours of standard deviation values of the
ensemble-averaged radial velocity along the
radial coordinate (SD Urð Þ), normalized with
respect to the maximal averaged radial
velocity at each radial cross section.

The upper diagram represents the T=D53 numerical case

whereas the lower diagram represents the T=D59 numeri-

cal case, both at 1600 rpm.For reference, the corresponding

numerical jet’s half-width (z
1=2

) and associated 2z
1=2

value

are marked as well. [Color figure can be viewed in the

online issue, which is available at wileyonlinelibrary.com.]

Figure 7. Computed and measured variation of �Ur;m rð Þ
and z

1=2
along the radial coordinate close to

the impeller’s tip.

Left diagram represents the T=D53 case at various rota-

tional speeds whereas diagram on right represents the

1600 rpm case at various T=D ratios (simulations only).

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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The potential core, located close to the impeller tip, can
be clearly identified in Figure 7. Its boundary (rc) is eval-
uated to be located at r=rb51:2, independent of rotational
speed and tank diameter. The last implies negligible wall
effects. This value (r=rb51:2) corresponds to the minimal
radial location beyond which the second derivative of z1=2

remains relatively constant and equal to a zero value. Unlike
common turbulent jets which have relatively uniform veloc-
ity profile at the potential core, the axial profile of the aver-
aged radial velocity were found to be self-similar in this
region (shown later on in Figure 10). Except for that and for
the slight increase in �Ur;m, the potential core of the investi-
gated system exhibits great resemblance to potential core of
common turbulent jets. Its existence is also evident from pre-
viously published experimental and numerical results in
which the measurement interval in the radial direction was
small enough to capture this feature,37,54,55 that is, the radial
measurement grid consisted of more than one measurement
point in the region 1 < r=rb < 1:2. After convincing that the
potential core is distinct, let us now discuss quantitatively
the jet’s half-width and decay rate of the averaged radial
velocity beyond rc.

The jet’s half-width (z1=2) variation along the radial coor-
dinate agrees well qualitatively with the linear theoretical
prediction (see Figure 8 and Eq. 9). The spreading rate (i.e.,
S, the variation of z1=2 along the radial coordinate) is indeed
constant beyond rc and independent of rotational speed.
Nevertheless, the numerical results indicate it is dependent

on the ratio T=D. Starting with S50:141 for the T=D53
numerical case and up to S50:120 for the T=D59 case.
While the k2e model is known to exhibit higher spreading
rates in jets compared to experimental results,56 we received
the opposite behavior for this system. The experimental
results (T=D53) provided S50:180, significantly larger than
the corresponding numerical value. The deviation between
the two is attributed to the assumptions inherent in using the
k2e turbulent model (e.g., isotropic flow). It is interesting to
note that the spreading rate of the T=D59 numerical case is
very similar to the common value of simple turbulent jets.
This is expected as wall effects become negligible for such
large reactors. The values reported in the literature for the
simple radial-jet system are very sparse,36,57–61 leading to an
average of 0.11 with approximately maximal deviation of
10%. The spreading rate values of the round and plane jet
geometries, values which have been validated, are considered
to be around 0.1–0.12.47,62 This might imply that the spread-
ing rate of radial impellers might be unique to the impeller
used. The virtual origin (i.e., rv, see Eq. 4) is located at r=rb

50:40 and r=rb50:22 for the T=D53 and T=D59 numerical
cases, respectively; whereas at r=rb50:75 for the experimen-
tal results. These values are high relative to the common
stirred tank geometry (T=D53) thus implying that very large
tank diameters are required for the impeller’s jet to become
perfectly self-similar. Nevertheless, perfect self-similarity is
not required for satisfactory prediction of the turbulent jet
properties, as will be shown in this work.

Figure 8. Computed and measured jet’s half-width variation along the radial coordinate compared with asymptotic
prediction (z1=250:12r).

Left diagram represents the T=D53 case at various rotational speeds whereas the right diagram represents the 1600 rpm case at vari-

ous T=D ratios (simulations only). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

Figure 9. Computed and measured variation of the normalized averaged radial velocity at z50 along the radial
position ( �Ur;m rð Þ).
Left diagram represents the T=D53 case at various rotational speeds whereas the right diagram represents the 1600 rpm case at vari-

ous T=D ratios (simulations only). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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Both numerical and experimental results follow the quali-
tative physical behavior of the jet’s half-width (described
mathematically by Eq. 9). From the statistical point of view,
both methods should have provided the same velocity flow-
field. This suggests that the deviation may be attributed to
the assumptions inherent in using the k2e turbulent model
(e.g., isotropic flow).

The decay rate of �Ur;m in ZEF along the radial coordinate
is presented in Figure 9, and is fitted to a scaling of the form
r2b (starting from r > rc). It exhibits negligible dependence
on rotational speed (up to 5% difference) while according to
the numerical investigation it varies with T=D. At the com-
mon geometry (T=D53), it scales as �1=r0:82 and �1=r1:18

for the numerical and experimental cases, respectively; while
for the T=D59 case, it scales as �1=r1:02. Again, the value
of the T=D59 case approaches to the common value of the
free radial-jet, �Ur;m � 1=r.

The axial-distribution profiles of the averaged radial veloc-
ity were found to exhibit very good self-similarity on the jet’s
core (jz=z1=2j � 1), as can be seen in Figure 10. The numerical
results achieved were symmetrical relative to the symmetry
plane (z50) whereas the experimental results showed small
axial shifts (up to 0:25z=z1=2). Therefore, for clarity of presen-
tation only the positive side of the numerical profiles is shown
(z=z1=2 	 0) whereas the experimental ones are complete and
presented using an adjusted axial coordinate (denoted by z
),
centered by the axial location of the maximal radial velocity
of the radial velocity axial-distribution profile. As can be seen,
up to jz=z1=2j51 the profiles collapse into one curve which
correspond to the theoretical curve, whereas for jz=z1=2j > 1
the profiles start to scatter and deviate from the theoretical
curve. The deviation is attributed to the assumption of a con-
stant turbulent viscosity whereas the scattering is considered
reasonable compared with experimental results of common
turbulent jets.47,62 Note that with the increase in tank to impel-
ler diameter ratio the scattering decrease significantly and
becomes negligible. One should also notice that the ambient
flow far from the jet (i.e., jz=z1=2j > 2:5), for the T=D53 case,
exhibits a coflow behavior (i.e., the radial velocity is positive)
relative to the impeller’s jet whereas a weak counter flow (i.e.,
the radial velocity is negative) for the T=D59 case. This
behavior aligns with the numerical result in which the radial
velocity decay rate is slower for the T=D53 case.

It can be concluded that the behavior of �Ur at the impel-
ler’s discharge zone is in accordance with the theory of

turbulent jets; that is, there exist two domains—a potential
core, in which �Ur is almost constant, while beyond it the
spreading rate is linear and the decay rate is of the form r2b.

Prediction of ur
2 ; k, and e in the ZFE

The prediction of k and e is of great importance for indus-
trial applications. Obtaining these parameters is usually more
complicated and its accuracy is smaller than the ones related
to the averaged velocity. Therefore, being able to predict
these parameters based on the averaged radial velocity can
reduce these drawbacks.

Following Theoretical Section, the prediction of these
parameters is divided into two regions: in the ZFE
(rb < r < rz) the axial-distribution profiles of these parame-
ters develop to the final similarity profiles of the second
zone. This is evident experimentally from the axial-
distribution profiles of the normalized ur

2 at different radial
positions (Figure 11). The ZFE is evaluated to span up to
r=rb51:6 where the axial-distribution profiles of ur

2 (nor-
malized by Vtip) exhibits three maxima points. The theoreti-
cal prediction presented at the ZFE (Eq. 16, using Eq. 10
and �Ur;m;b=Vtip50:75 as was suggested earlier (see Eq. 12)
was fitted by Au rð Þ (increases monotonically in the ZFE).
Qualitatively, it can be seen that the model predicts well the
evolvement of ur

2 . The three maxima points approach each
other to produce flat hat self-similar profile. To emphasis
this point, the axial-distribution profiles of ur

2 (normalized
by ur;m

2 ) beyond r=rb51:6 (r=rb51:6; 1:8; 2, and 2:2)
were also shown along with the self-similar profile of �Ur

(sech2 0:881z=z1=2

� �
). Quantitatively, at the vicinity of the

impeller’s blade, there is good agreement between the model
prediction and the experimental results. The axial location of
the three maxima points is well predicted along the region.
With increasing radial position, the agreement between the
two reduces. The theoretical profile becomes wider and
exhibits moderate delay relative to the experimental one.
The last is also evident from differences in the ZFE-ZEF
boundary (rz51:6 and 2 corresponding to the experimental
and theoretical values, respectively).

In Figure 12, we present comparison between the model
prediction of k and e (Eqs. 17 and 18, respectively) and
experimental results at the ZFE region (r=rb51:07 and 1:2,
corresponding to data from Wu and Patterson39 and Escudie
and Line,27 respectively). The parameters fitting used for this
purpose were Ak50:25ð5AuÞ, Ak50:375ð5AuÞ (for the two

Figure 10. Computed and measured axial-distribution profiles of the averaged radial velocity across the jet
(r=rb51:05;1:1; 1:2;1:4; 1:6;1:8; 2, and 2:2).

Left diagram represents the T=D53 case at various rotational speeds whereas the right diagram represents the 1600 rpm case at

various T=D ratios (simulations only). [Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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datasets) and Ae50:085ð� 0:5Auð Þ3=2
). As the experimental

half-width (z1=2) at r=rb51:2 could not be extracted from the
reported results, we used the experimental half-width (z1=2)
at r=rb51:07 of the same reference. This is with accordance
to our perception in which z1=2 is approximately constant up
to r=rb51:2 (see Figure 8). It can be seen that there is good
agreement between the model prediction and the experimen-
tal results including prediction of the three maxima points.
Note that the data taken from Wu and Patterson39 and Escu-
die and Line27 was obtained using different tank sizes
(H5T50:27m and 0.45 m, respectively) and different impel-
ler clearance (C5H=3) as well as with different rotational
speeds (200 and 150 rpm, respectively) than ours
(H5T50:3m, C5H=2 using 200 and 400 rpm).

Prediction of mT; k, and e in the ZEF

In this section, we focus on the region beyond r=rb51:6
where the pseudoturbulence is known to be negligible.39

Therefore, it is adequate to use our angle-averaged steady-
state numerical results to validate the theory prediction of
mT ; k, and e in this region. Nevertheless, it should be noted
that the numerical results presented in this section include
both the random and the periodic turbulence.

The variation of the normalized turbulent kinetic energy

(k=V2
tip) and the normalized turbulent kinetic energy dissipa-

tion rate (e= V3
tip=D

� �
) at z50 show that both k and e scale

according to Eq. 5 for r=rb > 1:6 (Figures 13 and 14). The
departure of the theoretical prediction from simulation results
occurs in accordance with the evaluation of ZFE–ZEF
boundary of the previous section. It can be also noticed that
the values km;b50:158 and em;b50:061 corresponds to the

numerical values obtained by Kresta and Wood25 for the free
radial-jet. This yields further support to our view of the
impeller’s jet: (1) that the jet should be divided into two
regions, (2) that characterizing the impeller’s jet with respect
to the radial coordinate is applicable. It should be stressed
that by conducting extrapolation of both k and e while start-
ing from the impeller tip is physically incorrect, a practice
that can result with significant error at the far field.

From the scaling of k and e, it is evident that the turbulent
viscosity is indeed constant in this region. The FLUENT
code uses the k2e turbulence model to portray the k and e
fields, from which the turbulent viscosity is estimated via
mT50:09k2=e. Using our derivation, the turbulent viscosity
can be predicted from Eq. 7 in a semianalytical form. This
prediction can be easily verified using the numerical values

Figure 11. Measured axial-distribution profiles of the
normalized ur

2 at different radial positions,
showing the development with radial posi-
tion in the ZFE and the asymptotic (self-
similar) distribution in the ZEF.

[Color figure can be viewed in the online issue, which

is available at wileyonlinelibrary.com.]

Figure 12. Measured and predicted axial-distribution profiles of the normalized k (left hand curve) and e (right hand
curve) at r=rb51:07 and 1:2 using data from Wu and Patterson39 and Escudie and Line,27 respectively.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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of �Ur;m, z1=2, and S (see Figures 8 and 9) to provide moder-
ate relative error at the centerline of the impeller’s jet (up to
20%). This prediction is of great importance as it enables to
predict the turbulent viscosity in the impeller’s jet domain
using only few measurements of the averaged radial velocity
at this region.

Summary

Following jet theory and the general theoretical framework
of scalar dispersion in turbulent shear flows, we introduce a
new perspective of the impeller’s jet, now comprised of two
main regions: the ZFE and the ZEF as presented in Figure 1.
In Tables 1 and 2, we summarize our model where the real
turbulent flow-field properties in these regions can be pre-
dicted using a few calibration measurements in the impellers’
discharge zone. For example, only a few radial velocity pro-
files are required to determine the spreading rate (S) and the
virtual origin (rv). The pumping number (Nq) can be used
with Eq. 12 to determine the maximal radial velocity at the
impellers tip ( �Ur;m;b) and the potential core boundary (rc). As
measurements of the radial velocity contain quantitative infor-
mation of the normal Reynolds-stress in the radial direction
(ur

2 ), the proportionality parameter Au can be determined
directly, whereas Ak and Ae can be assessed accordingly. We
can determine the ZFE-ZEF boundary (rz) based on the radial
location at which the parameter Au starts to decrease. This is
sufficient to predict the real turbulent flow-field ( �Ur , k, e, and
mT) in the discharge zone of the impeller.

We use experimental LDA measurements and 3-D numeri-
cal calculations to validate our formulation of the impeller
discharge zone in terms of ZFE and ZEF regions. In contrast,
previous models in this field have not addressed the ZFE. Pre-
vious work viewed the impeller’s jet as a fully developed jet
starting from the impeller’s tip, a practice that is physically
incorrect. In such methods, the resulting problem is that
extrapolation, of both k and e from the impeller’s tip, results
in significant relative errors (see Figures 13 and 14).

The discoveries, methods, and analysis from our theoreti-
cal framework portend significant industrial importance and
interest, for the following particular reasons:

1. As our theoretical model is scalable, it is well suited to
a variety of industrial applications: the flow-field parameters
can be tailored according to the required operational task,
including changes in the system size and rotational speed of
the impeller.

2. Industrial operators can predict the turbulent diffusivity
of scalars (CT) inside this region (e.g., temperature, concen-
tration, etc.) using the turbulent viscosity and the Schmidt
number (ScT5mT=CT , known to be bounded between 0.5 and
1.5).63 Such results can be used for a multitude of design
purposes, such as installation of temperature sensors for
safety purposes.

3. Our proposed model can be used to approximate
mixing rates, which assists industrial concerns in assessing
reactive flow with reactants fed in the vicinity of the dis-
charge jet.

Figure 13. Variation of the normalized turbulent kinetic energy at z50 along the radial coordinate.

Left hand curve represents the T=D53 numerical case at various rotational speeds whereas the right hand curve represents

the 1600 rpm numerical case at various T=D ratios. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]

Figure 14. Variation of the normalized turbulent kinetic energy dissipation rate at z50 along the radial coordinate.

Left hand curve represents the T=D53 numerical case at various rotational speeds whereas the right hand curve represents

the 1600 rpm numerical case at various T=D ratios. [Color figure can be viewed in the online issue, which is available at

wileyonlinelibrary.com.]
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In summary, we are motivated to continue to push semian-
alytical approaches to improve modeling of impellers in
stirred tanks.
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Notation

Au = coefficient of proportionality for ur
2 , see Eq. 16

Ak = coefficient of proportionality for k, see Eq. 17
Ae = coefficient of proportionality for e, see Eq. 18
C = impeller off-bottom clearance, m
D = impeller diameter, m

CT = the turbulent diffusivity of scalar
e = radius of a tangential jet source, also express the asymptotic

ratio of the radial to angular momentum flux in the radial direc-
tion, m

H = tank height, m
k = turbulent kinetic energy, m2 s22

lk = Kolmogorove length scale, m
N = impeller rotational speed

Nq = impeller’s pumping number, Qp=ND3

Re = impeller’s Reynolds number, ND2=m
R2 = coefficient of determination
rc = potential core boundary
rb = impeller radius
rv = virtual origin of the linear spreading
rz = radial boundary between the ZFE and the ZEF
S = spreading rate defined by Eq. 2

SDUr
= standard deviation of the ensemble-averaged radial velocity

ScT = the turbulent Schmidt number, ScT5mT=DT

Qp = impeller’s pumping capacity, m3 s21

T = tank diameter, m

ur
2 = the normal Reynolds-stress in the radial direction, m2 s22

�Ur = angle-averaged mean radial velocity, m s21

Ur = ensemble-averaged radial velocity, m s21

Vtip = impeller’s tip velocity, pND m s21

W = impeller blade width, m
z
 = adjusted axial coordinate, with origin at the axial location (z) of

the maximal radial velocity ( �Ur;m) of the radial velocity axial-

distribution profile ( �Ur zð Þ)
z1=2 = jet’s half-width, defined by Eq. 1

ZFE = zone of flow establishment
ZEF = zone of established flow

m = molecular viscosity, m2 s21

mT = turbulent viscosity, m2 s21

e = turbulent kinetic energy dissipation rate, m2 s23

Subscript

m = implying for the impeller symmetry plane (z50)
b = implying for the radial location where r5rb

Abbreviations

LDA = Laser Doppler anemometry
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Appendix A: The Swirling-Radial-Jet
In this section, we briefly review and solve the turbulent

swirling-radial-jet equations to derive expressions for the self-

similar profile of �Ur and the mT in the ZEF.

The implementation of assumptions (1)–(7) given in the theo-

retical section, results in the basic swirling-radial-jets equations23
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These equations can be further reduced to the basic turbulent

radial-jet equations with no swirl in a direction tangent to a cyl-

inder of constant radius. The reduction is based on Riely’s coor-

dinate transformation18 which is given by

n5
ffiffiffiffiffiffiffiffiffiffiffiffiffi
r22e2
p

(A4)

where “e” is the virtual origin of the transformation (see Figure

A1) expressing the cylinder constant radius (elaboration on the

physical meaning of “e” can be found in Kresta and Wood25).

From geometrical considerations, the following relations can

be derived
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n
r
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r
(A5)

which after substitution into Eqs. A1–A3 form the basic turbu-

lent radial-jet equations (with no swirl) in the n direction
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with the boundary conditions given by

Figure A1. Schematic presentation of Riely’s coordi-
nate transformation for reduction of the
turbulent swirling-radial-jet equations to
the basic radial-jet equations with no swirl
in a direction tangent to a cylinder of con-
stant radius (n).
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To solve these equations, we follow the same procedure pre-

sented in the book “Turbulent Flows” for the round jet.47 We

start with introducing the stokes stream function w n; rð Þ as
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so that the continuity equation is automatically satisfied. Under

the assumption of self-similar flow, the stream function can be

represented by

w5mTrG gð Þ; g5
z

n
(A11)

where G gð Þ is the self-similar function of w. From Eqs. A10

and A11, it follows that
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where G05dG=dn. Substituting Eq. A12 into Eqs. A6 and A7

and rearranging one obtains
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Integrating Eq. A13 and using Eqs. A8 and A9 to determine

the integration coefficients results with

�Un5mT2b2n21sech2 bgð Þ5 �Un;msech2 bgð Þ (A14)

where b is a parameter, derived from the integration. This

parameter can be determined from the definition of z1=2 to

provide

b50:881=S (A15)

From Eq. A5 and Eqs. A14 and A15 it follows that
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and

mT5
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(A17)

where �Ur;m scales as r21.
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